THE LEAST STABLE MODE IN CYLINDRICAL SYSTEMS

durch die Felder benachbarter Atome erleidet, folgt
fiir die resultierende mittlerf Geschwindigkeit eines
Teilchens nach einem Stof: v..q = v P.

Aus den Gesetzen des elastischen StoBles fiir Ku-
geln der Massen my, m, ergibt sich fir die Ge-
schwindigkeit von mg nach dem Stof} mit

B=((my—mg)[(my+my))2, e=(1/f—1) (d/Ry)2:
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weiterhin ist:

cos ﬁmin =(1- (Ro/d) 2 (/3 - (vmin/vo) 2)/(;3 == 1))”2
€08 Ppax = (1 — (Ry/d)2) ™.

o= bup(Be) (1+1/e) U (&, cos ¥max) ~Q(€,.cos‘z?min)i’
wo (A.7)
U(e,cos?) =(X(1 —X))"” +arctan(X/(1 — X)) ",

c0s Pmax —c0s Pmin

v =vy(f &) ((1+1/e) —cos?9)"*; (A.6) X =cos?d/(1+1]e).
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The stability of a magnetodynamic equilibrium system for perturbations & depending on a para-
meter a is investigated. Growth rates are compared (rather than only the second order energy
variations) without calculating them explicitly. The explicit dependence on a as wel as the implicit
dependence on a through § is taken into account.

It is well known in magnetodynamics that a sys-
tem is unstable or stable if the change in potential
energy 0W (L, %) can or cannot be made negative !.
Consider a displacement € depending on a para-
meter a [a may be m? or k? of Eq. (1), e. g.], which
for a =a,; , makes 8W (§, ) more negative than an-
other displacement with a=a,. In this case it often
happens in the literature that the displacement with
a=a, is called less stable or more dangerous than
the one with a=a,. In many cases this is not true
at all. The expression more or less stable can only
be used in a consistent way by comparing growth
rates. Indeed, denoting the kinetic energy of the
system for the perturbation § by K(C,T), we have
@*(§,8) =W (5. 5)/K(5.§) where K(§,C) is a
function of a too; hence it is impossible to decide
which displacement is the least stable from JW
alone, or from a partly minimized 0, as is often
done.

Another difficulty is that w*(§,€) is implicitly
dependent on a through the eigenmode § for which
®?(E,€) is minimized by variation of § (a kept
fixed).

Since we may expect that the fastest growing
mode will usually dominate in nature, it seems
wortwhile to point out what can be asserted about
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the growth rates by simple arguments and without
going into the solution of the eigenmode equations.
This is done in the following sections for systems
with rotational and cylindrical symmetry.

In section 1 the explicit dependence of w?(g, )
on a will be examined. The influence of the implicit
dependence on a will be treated in section 2. The
conclusions concerning the stability will be discus-
sed in section 3.

1. Explicit Dependence of »%(L,C) on a

Consider the magnetodynamic stability of an
equilibrium system with cylindrical and rotational
symmetry (neither ¥ nor z dependence). A cylindri-
cal ideally conducting plasma of density ¢o(r) and
pressure p(r), is pervaded by a magnetic field
[0,By(r),B.(r)] and a current [0, js(r), . (r)].
It is acted on by an external gravitational field
[ —dp/dr,0,0] which e.g. may simulate an ac-
celeration. Normal mode solutions are of the form

(cylindrical coordinates)
Calrsm k) exp{iimd +kz+wt)} +c.c. (1)

The eigenmode equation reduces to the two equa-
tions in r only:

‘szgnz'F(Cn), _QO)rZLC:l =F*(§;)

1 1. B. BernstelN, E. A. Frieman, M. D. Kruskar, and R. M.
Kutsrup, Proc. Roy. Soc. London 244, 17 [1958].

(2)
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The operators 3/3¢ and J/3z in F are replaced
by i m and i k respectively.
We introduce the functional
02,0 = — %TfC*FL(Q rdr:§}7(§, 4]
’ bajeq Lrdr KGO

(3)
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From now on, § denotes, as well as §,,, a function
of r, k and m. If € is an eigenfunction §, , w2 (g, §)
is constant and equals the eigenvalue ®,% The
change in potential energy [Eqgs. (2.6) and (2.7) of
TayLER 2] is:

OW (5.8 =4 [rdr{} (mBy/r+kB.)2EE + } (B*+yp) divLdivy

— [Bs(Bs/r)2+ 30" @1, 807 — 2Bi[r+0¢) (,divE®

(6)

+i(m By/r+kB,) (2Bstsly/r—B-CdivE*) } +c.c.

A simple way to examine the explicit dependence
of ®2(&L, ) on m? and k2 is by introducing the new
functions 1 :

nr=:r9 772=lkcz (7)

for which div § has no explicit dependence on m
and k. K, expressed in ¥, becomes a decreasing
function of both |m | and | k|, the trial functions 1
kept fixed.

We consider three cases, each containing two
subcases, constituting 6 possibilities in total:

ne=1imy,

1. for helical magnetic fields we compare displace-
ments with the same value of k/m, but with dif-
ferent values of k or m. Here the two subcases
which occur by expressing w?(%,%) in k/m and
m or in k/m and k, yield of course equivalent
conclusions.

2. for longitudinal magnetic fields (By=0) we
compare displacements with different values of
m while £ is kept fixed, and vice-versa.

3. for transverse magnetic fields (B,=0): same
analyses as case 2.

After careful inspection of ®w?(7m.m) for the six
possibilities mentioned, ®w?(",n) turns out to be
either one of the two standard forms I or II:

0} =(aa+b)/(c/a+d)
ot = (afa+b)/(c/a+d)

where a stands for either m2 or k2. The coefficients
a, b, c and d in (8.I) and (8.II) are functionals
of 0 which may be different for each of the six pos-
sibilities. They depend on the parameters kept fixed
also. a, ¢ and d are always positive definite, while b
may have either sign. The occurrence of the two
forms I and II, acording to each case is shown in
Table 2 which will be discussed in the third section.

(8.1)
(8.1I)

2 R.J. Tavier, J. Nucl. Energy Part C, 3,266 [1961].

Let us consider now the explicit dependence of
the functionals «? (1,%) and wi (n,M) on the para-
meter a, while the trial functions v are kept fixed.
The results of this discussion will be summarized
in Table 1. A great simplification occurs because K
(the denominator) is a decreasing function of a in
both forms and is moreover always positive.

Form 1. 0W is an increasing function of a

If wi >0 then o increases with increasing o
(since the numerator increases and the denominator
decreases with increasing a, and both are positive).

If w¥<O0 then w?} may increase or decrease with
a, according to the specific values of a, b, ¢ and d.
However it is easy to see that of/a decreases with o,
(0% = —w}), so that o3 can decrease or increase,
but cannot grow faster than a does.

Form II. W isa decreasing function of a

A similar argument shows that:
g
2 2 . . 5 2
If w71<0 then ofy increases with increasing a.
D) 2 2
If wi;>0 then wi/a decreases, so that wi; can
decrease or increase, but cannot grow faster than a
does.

Tables 1 and 2 are unaltered if the equilibrium
is perturbed by incompressible, non-adiabatic dis-
placements. Indeed, the authors® have shown that
an energy principle technique can be applied with
the same form of O/ but with the constraint
divi=0.

w?2>0 02=—w2>0
form I [OHE ot N\(
form II whfo N\ o

Table 1. Dependence of the two standard forms on a.

3 J. G. Kriicer and D. K. CarLeBavr, Z. Naturforsch., to be
published.
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2. Implicit Dependence of »?(1,M) on a

2.1. Relation between total and partial
derivative

This section is only based on the hermiticity of
the operator F, not upon its detailed structure.

In order to write the equation of motion (2) in a
form which is applicable to the old variables € as
well as to new variables ¥ we introduce a generaliz-
ed form of Eq. (2):

_QwiTnn:F(nn)- (9)
Ifn,=C,, T is the unit matrix; if %, stands for
the new variables (7), T is a diagonal matrix of
which the non-zero elements are

Tp=1, Tsps=1/m?, T,,=1/k2. (10)

Multiplying (9) with ,, integrating over the
plasmavolume and replacing 1, by 0, we obtain in-

stead of (3):
In*F(m) rdr

fen* - Tardr’
Taking into account the implicit dependence on «
through 1, we obtain

w*(M,M) = — (11)

dof(m,m) _ Sw*(n.7m)
da da 12)
S { aa:’ ‘[F(M) +0w*T- n] +c.c.} rdr+Q
B fen*T-nrdr

In 3w2(n,m)/Qa only F and T are derived, while
7 is kept fixed.

Q=S[n -F(SZ‘)— g;’ ‘F(n)]rdr. (13)

We restrict the class of functions 7 to those func-
tions satisfying the boundary conditions. As to
dn/da, two cases may occur: either In/Qa satisfies
or does not satisfy the boundary conditions.

Case a. OM/3a satisfies the boundary conditions

This happens e. g. when the wall is fixed or at in-
finity, so that y) and 9%/Ja vanish at the boundary.
Due to the selfadjointness of the operator F, the
integral (2 vanishes. If 1 is an eigensolution of (9),
we have

de?(m,m) _ Sw(n,m)

da Qa

The equality of the total and partial derivatives can
be understood as follows. ®w? is an extremum with

(14)
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respect to all variations 01 which satisfy the bound-
ary conditions. Choose 0n = (On/Ja) da. w?* will
not be affected to first order by changing from n
to N + (3n/3a) da, since w? is extremum with re-
spect to these functions. Hence there will be no con-
tribution from ¥ in the derivative of w? with respect
to a and dw?/da consists only of Sw?/3a.

The equality of the total and partial derivatives
in case a allows us to draw conclusions without
knowing the eigensolutions. Indeed if w?(n,n; a) is
increasing (respectively decreasing) with o in an
interval a; <a<a, independent of the trial func-
tion M kept fixed, the function w?(",, M,;a) is of
course increasing (resp. decreasing) with a in this
interval, the eigensolution %, kept fixed.

Hence, according to (14) the eigenvalue w?(a)
itself is increasing (resp. decreasing) in the same
interval. More generally, if w*",M;a) has N ex-
trema in a in an interval a; <a<a, independent
of the trial function M kept fixed, the eigenvalue
®?(a) has also NV extrema. Applying this reasoning
to Table 1, we find that Table 1 is valid not only
for w?(n,m) with n kept fixed, but also for the

eigenvalues »*(a) themselves.

Case b. 3n/a does not satisfy the boundary
conditions

For a plasma surrounded by vacuum it can be
shown that £ does not necessarily vanish. This can
be understood by remarking that w? will now in
general be affected to first order by changing from
Nto N+ (3n/Ja) da:

dw? Qdw?  Q

Ao Ba K (15)

2.2. Minimalization with respect
to several parameters

So far as we have shown, Table 1 is valid for the
eigenvalues w?(a), comparing eigenvalues with dif-
ferent values of a but with all other parameters
(discrete or not) kept fixed. Since the interest lies
in the lowest value of ®w? not only with respect to a
but also with respect to the other parameters, we
now look for the dependence on a of the minimum
of w? with respect to a set of parameters p; (i=1,
2} aewgil) s

The extremum values of w?(a, p;) with respect to
the | parameters p; is obtained by the ! equations

dwf (a4, p)[Bpi=0, i=1,2,...,1 (16)
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which define the coordinates of the extrema, p;%(a),

depending on a (and eventually on remaining para-
meters). Now

do? _8w?  { du? Op

da 3a & Op; Qa

which becomes, for the extrema defined by (16)

do?[a, p(a)] _ 30®[a,p(a)]

da Qa ’

We conclude from this equality: Table 1 remains
also valid for the minima of ®w? satisfying (15).

(17)

(18)

Example. If wf[a, p®(a)]>0 for a certain value
of a, then wi[a,p(a)] increases with a for all
higher values of a. Note also that, if wila, p(a)]
is moreover the absolute minimum with respect to
pi, then, as wi(a, p;) = 0 for all p;, it follows from
section 2.1. that wf(a, p;) increases with o for all
pi and all higher values of a.

3. Conclusions Concerning Stability

As mentioned in the introduction, the expression
more or less stable can only be used in a consistent
way by comparing growth rates.

A perturbation with parameter a=a,, is called
less stable than one with a =a,, if the first one con-
tains at least one eigenmode for which ®w?(a,) is
smaller than any w?(a,) corresponding to the eigen-
modes of the second perturbation. According to
this definition, the least stable displacements contain
the fastest growing instability, if they are unstable.
If they are stable, they correspond to the perturba-
tions containing to smallest frequency. This defini-
tion can be applied with any number of other para-
meters kept fixed or not.

We now compare the stability of perturbations
€ (r; m, k) with different values of k£ and m combin-
ing the results of Table 1 and Table 2.

3a. Dependence of »* on m

3a.l. Helical fields. k/m fixed

For stable displacements, Tables 1 and 2 show
that the eigenvalue ®w? is an increasing function of
'm|. Hence, if a displacement is stable
for |m| = |my|, it is more stable for values
higher than |m,].

From OW alone one could deduce only a less
strong statement. Indeed, W (n,M) is an increasing

J.G.KRUGER AND D.K.CALLEBAUT

function of |m| and this allows only the conclu-
sion: if a system is stable for |m | = | mq| it is also
stable for |m|>|m,|. This last statement can also
be derived from a 0 which is minimized with re-
spect to (3 and (., without normalization (NEw-
comB 4, Theorem 1).

From OW alone one might be inclined to expect
that the lowest value of | m | corresponds to the most
dangerous perturbation. For the unstable modes
however, nothing proves this, according to our ana-
lyses. On the contrary, in 3a.2. we meet an example
in which |m|= oo is the most dangerous perturba-
tion.

The conclusions of this paragraph are of course
also valid for a purely longitudinal and a purely
transverse magnetic field, which will be studied fur-
ther in sections 3a.2. and 3a.3 with k£ or m fixed.

o m? k2
helical fields, k/m = constant 1 1
longitudinal fields (By = 0) 11 1
transverse fields (B, = 0) 1 1I

Table 2. Occurrence of the standard forms I and II.

3a.2. Purely longitudinal fields
(By=0). k fixed

For unstable displacements Tables 1 and 2 show
that the eigenvalue ®w? is a decreasing function of
'm|. Hence, ifadisplacementisunstable
for |m|=myl|, it is more unstable for val-
ues of [m| higher than |m,].

From OW alone one could deduce only a less
strong statement. Indeed, W (n.n) is a decreasing
function of | m | and this allows only the conclusion:
if a system is unstable for |m|=|m,|, it is also
unstable for |m|>|m,|. Our analysis shows that
|m|— o is the most dangerous displacement when
Bs=0, provided wf; is negative for at least one m.
To discuss the latter restriction, we consider the
minimized form 0Wy of OW with respect to {y and
{, without normalization. Putting By=0 in Eq.
(2.15) or ref. 2, we obtain:

k* B?

o= {rarlgl teey
2
Yp

4 W. Newcoms, Ann. Phys. 10, 212 [1960].
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In the presence of an external potential, it is always
possible to make 0Wy negative for sufficiently small
k and thus to make |m|— o the most un-
stable displacement.

On the other hand, choose k sufficiently large so
that W7y is positive for all m; then wir>0 for all
m and w?; can increase as well as decrease with in-
creasing m, according to Table 1. [Incidentally, in
the limit k— 0, 0W as well as Wy become in-
dependent of m; this illustrates a particular case of
(8.IT1) in which a=0; from the requirement that
the trivial solution N =0 is excluded, one can show
that ¢ 0. The discussion of Table 1 then remains
valid. Thus for £— 0, the most unstable displace-
ment is | m | — oo also.]

The fact that | m | — oo may be the most unstable
displacement under certain circumstances, is rather
surprising in magnetodynamics. The situation may
occur for a spiral arm, which is idealized as an
infinitely long cylinder and where, in first approxi-
mation, gravitation acts as an external potential.
Awmano et al. ® claimed for this model on the basis of
(19) alone [which is equivalent with their Eq. (2.3)]
that |m|— o is most dangerous. Our analysis
proves this statement. We make further the follow-
ing annotations. As this situation occurs when By =0
(or By small) there is no transverse field to prohibit
the “rippling” of the cylindrical tube, parallel to
its axis. The asymptotic value of; (m— oo) will be
approached very well for a reasonable large m =M
(M =10, say), as is suggested by (19). Thus, al-
though of;(m— «) >ofi(m=M), the relative dif-
ference in growth rate is fairly unimportant. All
large values are then nearly equally able to domi-
nate 8 and what perturbations will actually dominate
becomes dependent on other factors as e.g. the
probability of occurrence of a particular initial per-
turbation.

5 T. Amano, M. Saro, and Y. Terasuima, Progr. Theor. Phys.
Suppl. 31, 131 [1964].
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3a3. Purely transverse fields

(B,=0). k fixed

This case is similar to 3a.1. If the system
is stable for |m|=|my| it is more stable
for |m|>|m,|. This statement is then valid

for k/m fixed or k fixed provided B,=0. Nothing

can be said in general for unstable displacements.
3b. Dependence of »? on k

Similar arguments hold for the dependence on k
as for the dependence on m. It may be sufficient to
state the results.

3b.1. Helical fields. k/m fixed

If the system is stable for |k|=]k,|, it is more
stable for Ik] > Iko | . This conclusion is equi-
valent to the conclusion under 3a.l1. Both conclu-
sions express the fact that, in a (k, m)plane, w?(k, m)
decreases when approaching the origin, along a
straight line through the origin.

3b.2. Longitudinal fields.

m fixed

If the system is stable for |k|=|ky| it is more
stable for | k| > | ky|. This statement is thus valid
for k/m or k fixed provided By=0.

3b.3. Transverse fields. m fixed

If the system is unstable for | k|=|k,| it is more
unstable for |k| > |ky|. This demonstrates that
| k|— o is the most dangerous perturbation pro-
vided w? can be made negative for at least one k.
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